Abstract. Deligne and Kato proved a formula computing the dimension of the nearby cycles complex of an ℓ-adic sheaf on a relative curve over an excellent strictly henselian trait. In this article, we reprove this formula using Abbes-Saito's ramification theory.
1. Introduction 1.1. Let R be an excellent strictly henselian discrete valuation ring of residue characteristic p > 0, S = Spec(R), s (resp. η, resp.η) the closed point (resp. the generic point, resp. a geometric generic point) of S. Let X be a smooth relative curve over S, x a closed point of the special fiber X s , X the strict henselization of X at x, U a non-empty open sub-scheme of X η , and u : U → X η the canonical injection. Let Λ a finite field of characteristic ℓ = p, and F a locally constant constructible étale sheaf of Λ-module on U . The spaces of nearby cycles of F 1.2. Let p be the generic point of the special fiber X s . We denote by κ(p) the residue field of p, which is the fraction field of a strictly henselian discrete valuation ring. Assume first that F can be extended to a locally constant constructible sheaf F on an open sub-scheme U of X containing p. Then Deligne computes the dimension of Ψ 1 x (u ! F ). Let sw p ( F ) be the Swan conductor of the pull-back of F on Spec(κ(p)) and let ϕ(s) = sw p ( F ) + rank(F ).
On the other hand, for any t ∈ Xη − Uη, let sw t (F ) be the Swan conductor of the pull-back of F on Spec(O Xη ,t ) × X U , and let ϕ(η) = t∈Xη −Uη (sw t (F ) + rank(F )).
Then, Deligne's formula is ([Lau1] 5.1.1) (1.2.1)
x (u ! F ) = ϕ(s) − ϕ(η). 1.3. Kato generalized Deligne's formula for any F . His formula has the same form as (1.2.1). The definition of the invariant ϕ(η) is the same as above, but ϕ(s) cannot be defined by the same method. He provided two definitions of ϕ(s). The first one uses a ramification theory for valuation rings of rank two, that he developed for this purpose [Kato1] . The second one uses his notion of Swan conductors with differential values [Kato2] . Both methods rely on Epp's partial semi-stable reduction theorem [Epp] . In this article, we define the invariant ϕ(s) in terms of ramification theory of Abbes and Saito [AS1, AS2] . The case when F has rank 1 is due to Abbes and Saito ([AS4] Appendix A).
1.4. Let K be a complete discrete valuation field, O K its integer ring, m K the maximal ideal of O K and F the residue field of O K . We assume that F is of finite type over a perfect field F 0 of characteristic p. We denote by K a separable closure of K, by O K the integral closure of O K in K, by F the residue field of O K , by v the valuation of K normalized by v(K × ) = Z and by G K the Galois group of K/K. Abbes and Saito defined a decreasing filtration G r K,log (r ∈ Q 0 ) of G K , called the logarithmic ramification filtration. For any rational number r 0, we put G Let M be a finite dimensional Λ-vector space on which P acts through a finite discrete quotient,
the slope decomposition of M (cf. 4.5), and for any rational number r > 0,
the central character decomposition of M (r) , where the sum runs over finitely many characters χ : Gr r log G K → Λ × χ such that Λ χ is a finite extension of Λ (cf. 4.7). Enlarging Λ, we may assume that for all rational number r > 0 and for all central characters χ of M (r) , Λ = Λ χ . We fix a non-trivial character ψ 0 : F p → Λ × . Since Gr r log G K is abelian and killed by p, χ factors uniquely through Gr r log G K → F p ψ0 − − → Λ × . We denote abusively by χ : Gr r log G K → F p the induced character. We fix a uniformizer π of O K . We define Abbes-Saito's characteristic cycle of M and denote by CC ψ0 (M ) the following section (4.12.1)
1.5. In the following, we assume that p is not a uniformizer of K (i.e. either K has characteristic p or K has characteristic zero and p is not a uniformizer of O K ). Let L be a finite Galois extension of K of Group G. We assume that L/K has ramification index one and that the residue field extension is non-trivial, purely inseparable and monogenic ; we say that the extension L/K is of type (II) (c.f. 3.3). Let M be a finite Λ-vector space on which G K acts through G. We prove that, for any rational number r > 0, and any central character χ : Gr Using Kato's theory, we deduce a Hasse-Arf type theorem (10.5)
and an induction formula (10.6.1) for Abbes-Saito's characteristic cycle.
1.6. Under the assumptions of 1.1, we can now give the new definition of ϕ(s). Firstly, by Epp's results [Epp] , we can reduce to the case where F is trivialized by a Galois étale connected covering U ′ of U such that the special fiber of the normalization X ′ of X in U ′ is reduced. We denote by O X,p the completion of O X,p , by K p the fraction field of O X,p and by F p the representation of Gal(K sep p /K p ) corresponding to the pull-back of F on Spec( O X,p )× X U . The latter factors through the Galois group of a finite Galois extension L p of K p , which is of type (II) over an unramified extension of K p . We fix a uniformizer π of R and a non-trivial character ψ 0 :
⊗m (cf. 10.7). We denote by ord p the valuation of κ(p) normalized by
× and ord p (β) = 1. The latter can be uniquely extended to (Ω 1 κ(p) ) ⊗r − {0} for any integer r 1. We denote by F p the restriction to Spec(κ(p)) of the direct image of F p by the map Spec(K p ) → Spec( O X,p ). It corresponds to a representation of Gal(κ(p)/κ(p)). The invariant ϕ(s) is defined by [OW] . We would like to mention that Laumon's formula of the rank of the local Fourier transform is a direct application of the formulation of Deligne-Kato's formula using (1.6.1). Indeed, it was reproved in ([AS4] Appendix B) by reducing to the rank 1 case by Brauer theorem.
1.8. This article is organized as follows. We briefly introduce Kato's swan conductor with differential values and Abbes-Saito's ramification theory in §3 and §4, respectively. We study in §5 the ramification of extensions of type (II). We recall tubular neighborhoods and normalized integral models in §6. We study the isogeny associated to an extension of type (II) in §7 in the equal character case and in §8 in the unequal characteristic case. Using the results of these two sections, we prove the main theorem 5.9 in §9. In §10, the heart of this article, we compare Kato's characteristic cycle and Abbes-Saito's characteristic cycle. The last section is devoted to Deligne-Kato's formula by using Abbes-Saito's characteristic cycle.
We denote the group
3.3. Kato's theory applies if the extension L/K is of one of the following types ([Kato2], 1.5):
(I) L/K is totally ramified (i.e. F = E) ; (II) the ramification index of L/K is 1 and the residue field extension E/F is purely inseparable and monogenic. Observe that in both cases, O L is monogenic over O K . These two cases do not cover all finite separable extensions.
In the remaining part of this section, we assume that L/K is of type (II). We denote by p n the degree of the residue extension E/F . We choose an element h ∈ O L such that its reductionh ∈ E is the generator of E/F and a lifting a ∈ O K ofā =h
Lemma 3.4. Let V be the kernel of the canonical morphism
Proof. (i), (ii), (iv) are obvious. We have two canonical exact sequences of differential modules corresponding to the extensions φ :
is not zero (as it contains dā) and since F ⊗ ̺,E Ω 1 E/F is of dimension 1, β is injective. Hence β induces an isomorphism
From (ii) and (iv), we obtain an isomorphism
We take for (3.4.1) the isomorphism
3.5. Let V be the kernel of the canonical morphism
From (3.2.1) and (3.4.1), we obtain an injective homomorphism of F -algebras
are isomorphisms by considering dimensions, which give the following relations:
and hence a basis of
for any x ∈ E × and 1 i p n − 1. Its image is V (3.4) and it induces an isomorphism
Hence we obtain a sequence of isomorphisms
3.10. In the rest of this section, we assume that the extension L/K is Galois of group G. For any σ ∈ G − {1}, we put 
. The definition of s G (σ) is independent of the choice of the generator h ([Kato2] 1.8). We also put (3.10.1)
Proposition 3.11 ([Kato2] Prop. 1.9). Let H be a normal subgroup of G. Then for any element τ ∈ G/H − {1}, we have
3.12. In the following of this section, let C be an algebraically closed field of characteristic zero, ξ a primitive p-th root of 1 in C and Z the integral closure of Z in C. For any finite group H, we denote by R C (H) the Grothendieck group of finitely generated
3.13. For an element χ ∈ R C (G), we put
Kato defined the Swan conductor with differential values of χ as (3.13.1)
Proposition 3.14 ([Kato2] 3.3 (1)). Let H be a normal subgroup of G, ϑ an element in R C (G/H) and ϑ ′ the image of ϑ under the canonical map R C (G/H) → R C (G). Then, we have
By (3.10.1), (3.10.2) and (3.9.1), equation (3.15.1) can be written as
This is a generalization of Hasse-Arf's theorem. It can be reduced to the case where G is cyclic of rank p s and χ is 1-dimensional by the induction formula 3.15 and Brauer theorem. Then the proof relies on the higher dimensional class field theory of Kato ([Kato2] 3.6, 3.7).
3.17. For an element χ ∈ R C (G), the Swan conductor with differential values sw ξ (χ) is given by
From (3.4.1) and 3.16, we have ♯G[dh] = [dā] and ∆ ∈ R K . Hence, we get
where π is the uniformizer of
We define Kato's characteristic cycle of χ and denote by KCC ξ (χ) the element 
Remark 3.19 ([Kato2] 3.16). Let A be an algebraically closed field of characteristic ℓ / ∈ {0, p}. We denote by A ′ an algebraic closure of the fraction field of the ring of Witt vectors W (A). Let χ be an element of R A (G) and letχ be a pre-image of χ in R A ′ (G) ([Se2] 16.1 Th. 33). We denote byξ the p-th root of unity in A ′ lifting of a primitive p-th root of unity ξ in A. Then we put
This definition is independent of the choice ofχ because of ([Se2] 18.2 Th. 42) and (3.13.1). 
Let L be a finite separable extension of K. For a rational number r 0, we say that the ramification of L/K is bounded by r (resp. by r+) if G r K (resp. G r+ K ) acts trivially on Hom K (L, K) via its action on K. We define the conductor c of L/K as the infimum of rational numbers r > 0 such that the ramification of L/K is bounded by r. Then c is a rational number and L/K is bounded by c+ ([AS1] 6.4). If c > 0, the ramification of L/K is not bounded by c.
We denote by
and Gr
K,log is the wild inertia subgroup of G K , i.e. the p-Sylow subgroup of G K,log . Let L be a finite separable extension of K. For a rational number r 0, we say that the logarithmic ramification of L/K is bounded by r (resp. by r+) if G r K,log (resp. G r+ K,log ) acts trivially on Hom K (L, K) via its action on K. We define the logarithmic conductor c of L/K as the infimum of rational numbers r > 0 such that the ramification of L/K is bounded by r. Then c is a rational number and L/K is bounded by c+ ([AS1] 9.5). If c > 0, the ramification of L/K is not bounded by c. 
, such that M (0) = M P and for every r > 0,
(r) = 0 for all but the finitely many values of r for which ρ(G
The decomposition (4.5.1) is called the slope decomposition of M . The values r 0 for which M (r) = 0 are called the slopes of M . We say that M is isoclinic if it has only one slope.
4.6. In the following of this section, we fix a prime number ℓ different from p, a local Z ℓ -algebra Λ which is of finite type as a Z ℓ -module and a non-trivial character ψ 0 :
Lemma 4.7 ([AS5] 6.7). Let M be a Λ-module on which P acts Λ-linearly through a finite discrete quotient, which is isoclinic of slope r > 0. So the P action on M factors through the group P/G r+ K,log .
(i) Let X(r) be the set of isomorphism classes of finite characters χ : Gr
χ such that Λ χ is a finite étale Λ-algebra, generated by the image of χ, and having a connected spectrum. Then M has a unique direct sum decomposition
The decomposition (4.7.1) is called the central character decomposition of M . The characters χ : Gr
Let P 0 be a finite discrete quotient of P/G r+ K,log through which P acts on M and let C 0 be the image of Gr r log G K in P 0 . By 4.4, we know that C 0 is contained in the center of P 0 . The connected components of Spec(Λ[C 0 ]) correspond to the isomorphism classes of characters χ :
where Λ χ is finite étale Λ-algebra, generated by the image of χ, and having a connected spectrum. If p n C = 0, and Λ contains a primitive p n -th root of 1, then Λ χ = Λ for every χ such that M χ = 0.
6.10). Let A be a Λ-algebra and M a left A-module on which P acts A-linearly through a finite discrete quotient. Then,
is a sub-A-module of M . For any
4.9. Let V be a finite dimensional F -vector space and we denote by V * its dual space. We consider V as a smooth abelian algebraic group over F , i.e. Spec(Sym(V * )). Let π alg 1 (V ) be the quotient of π ab 1 (V ) classifying étale isogenies. Then π alg 1 (V ) is a profinite group killed by p and the group Hom(π alg 1 (V ), F p ) is canonical identified with the dual space V * by pulling-back the Lang's isogeny
4.10. For the rest of this section, we assume that F is of finite type over a perfect subfield F 0 . We define the F -vector space
We have an exact sequence of F -vector spaces
If K has characteristic zero and p is not a uniformizer of O K , we denote by O K0 the ring of Witt vectors W (F 0 ) regarded as a sub-algebra of O K . Then, we put
For any rational number r, we put
When K has characteristic p (resp. characteristic zero and p is not a uniformizer of O K ), for any rational number r > 0, we denote by
By (4.10.1), (4.10.2) and (4.10.3), when p is not a uniformizer of K, we have homomorphisms ). In particular, the abelian group Gr r log G K is killed by p and the surjection (4.10.6) induces an injective homomorphism (4.11.1) rsw : Hom(Gr
The morphism (4.11.1) is called the refined Swan conductor.
4.12. Let M be a free Λ-module of finite type on which P acts Λ-linearly through a finite discrete quotient. Let
be the slope decomposition of M and for each rational number r > 0, let
is a free Λ-module. Enlarging Λ, we may assume that for all rational number r > 0 and χ ∈ X(r), Λ = Λ χ (4.7). Each χ factors uniquely through (4.6)
We denote abusively by χ the induced character Gr
Ramification of extensions of type (II)
5.1. In this section, we assume that the residue field F of O K is of finite type over a perfect field F 0 of characteristic p. Let L be a finite Galois extension of K of group G and type (II) (3.3), O L the integer ring of L and E the residue field of O L . We denote by p n the degree of the residue extension E/F . We choose an element h ∈ O L such that its residue classh ∈ E is a generator of
be the minimal polynomial of h:
which is an integer p n . For any rational number r 0, we denote by
, we obtain that, for any rational number r > 1,
.2) and that the conductor of L/K is c ([AS1] 6.6). By 4.11, the normal subgroup G c of G is commutative and killed by p. In the following, we put ♯G c = p s .
5.2. For any integer j 1, we denote by D j the j-dimensional closed poly-disc of radius one over K and byD j the j-dimensional open disc of radius one over K. For a rational number r 0, the j-dimensional closed poly-disc of radius r is denoted by
be the morphism induced by f . For any rational number r 0, it is easy to see thatf −1 (D 1,(r) ) is a disjoint union of closed discs with the same radius, i.e. there exists a rational number ρ(r) 0 such thatf
where the x j 's are zeros of f . The function ρ :
5.3. We denote by u the map
The restriction u| G c : G c → E of u to G c is an injective homomorphism of groups. Indeed, for any σ ∈ G c − {1}, we have v(h − σ(h)) = ρ(c). Hence, for σ 1 , σ 2 ∈ G c , we have
with a non-zero linear term.
Proof. We have
Choose an F p -basis τ 1 , ..., τ s of G c , we get
We conclude by the lemma below.
Lemma 5.5. Let C be a field of characteristic p. For any integer r 0, let x 1 , ..., x r be r elements of C such that for any
,
Proof. We proceed by induction on r. If r = 1,
which satisfies (5.5.1). Assume that (5.5.1) holds for (r −1)-tuples where r 2, let (x 1 , ..., x r ) ∈ C r be as in the lemma. We put
Then, we have
r−1 (x r )g r−1 (T ), which satisfies (5.5.1) since g r−1 does.
In the following of this section, we assume that p is not a uniformizer of K.
Lemma 5.6. Suppose c > 2. Then, for any 1 i p n − 1, we have v(a i ) 2 (5.1.1).
Proof. From the equation f (T ) = σ∈G (T − σ(h)), for any 1 i p n − 1, we obtain
where v(∆) 2. Since the integer
Assume first that for any 
Proposition 5.7. The composition of the canonical homomorphisms (4.11)
) (4.10.4). In particular, for any non-trivial character χ :
The proof of this proposition is given in 9.3. 5.8. For a non-trivial character χ : G c → F p , we denote byf c,χ (T ) the polynomial (5.3)
and by τ ∈ G c a lifting of 1 ∈ F p . Recall thatf c,χ is an additive polynomial with a non-zero linear term (5.5), and thatf c,χ (u τ ) is independent of the choice of τ .
Theorem 5.9. For any non-trivial character χ : G c → F p , the refined Swan conductor rsw(χ) is given by
The proof of this theorem is given in 9.4.
Corollary 5.10. Let M be a finite dimensional Λ-vector space with a non-trivial linear G-action. Then, with the notation of 4.6, we have (4.12.1)
(4.5).
6. Tubular neighborhoods and normalized integral models
, we say that R is formally of finite type over O K if it is semi-local with radical m R , m R -adically complete, Noetherian and if the quotient R/m R is of finite type over F . We say that R is topologically of finite type over O K if it is π-adically complete, Noetherian and if the quotient R/πR is of finite type over F .
6.2. We denote by AFS OK the category of affine Noetherian adic formal schemes X over Spf(O K ) such that the closed sub-scheme X red defined by the largest ideal of definition of X, is a scheme of finite type over Spec(F ). Let A be a finite flat algebra over O K , and i : Spf(A) → X a closed immersion in AFS OK . For any rational number r > 0, following ([deJ] 7.1 and [AM] 2.1), we associate to i a K-affinoid variety X r , called the tubular neighborhood of i of thickening r, as follows. Let X = Spf(A), I be the ideal of A which defines the immersion i and t, s > 0 be two integer such that r = t/s. Let A I s /π t be the π-adic completion of the subalgebra of A ⊗ OK K generated by A and f /π t for f ∈ I s . Then A I s /π t ⊗ OK K is a K-affinoid algebra which depends only on r. We denote by X r the K-affinoid variety Sp(A I s /π t ⊗ OK K). For rational numbers r ′ > r > 0, there exists a canonical morphism X r ′ → X r which makes X r ′ a rational sub-domain of X r . The admissible union of the affinoid spaces X r for r ∈ Q 0 is a quasi-separated rigid variety over K. 
6.4. Let R be a geometrically reduced K-affinoid algebra. We consider the collection of
, where K ′ and R O K ′ are as in 6.3, as a unique model of Sp(R) over O K . We call it the normalized integral model over O K . We say that the the normalized integral model of Sp(R) is defined over K ′ if the supremum norm unit ball R O K ′ has a reduced geometric special fiber. We call this reduced geometric special fiber over F the special fiber of the normalized integral model of Sp(R) over O K .
Proposition 6.5 ([AS1] 4.4). Let X be a geometrically reduced affinoid variety over K, X its normalized integral model over O K and X the special fiber of X. Then the set of geometric connected components of X and X are isomorphic.
6.6. Let X be a geometrically reduced affinoid variety over K, X its normalized integral model over O K and X the special fiber of X. If X is defined over a finite Galois extension
(in the following, we always abbreviate 1 ⊗ u by u) and we will consider it as an O L -algebra by
There is a canonical surjective homomorphism
induced by the surjections (7.1.1). We denote by I L its kernel. 
is an object of AFS OK (6.2). For any rational number r > 0 and integer numbers s, t > 0 such that r = t/s, we denote by R r L the K-affinoid algebra 
such that the composition of it and (7.1. 
Hence the closed fiber X r K is isomorphic to the affine scheme
In general, for any rational number r > 0, the K-affinoid variety X ). If r is an integer, it is constructed as follows. Firstly, we have a natural ring isomorphism (7.4.4)
by (7.4.1) and (7.4.3). Extending scalars, we have
Then, from ([AS2] 1.14.3, 2.4), we have an isomorphism of free O K -modules
.5. Let L be a finite Galois extension of K of group G and conductor r > 1. 
7.6. In the rest of this section, let L/K be a finite Galois extension of type (II) and we take again the notation and assumptions of 5.1 and 5.2. By (7.2.1) and the proof of ([AS2] 1.6), for any rational number r > 0, we have an isomorphism
It induces, for any rational numbers r > r ′ > 0, an isomorphism
, which gives a Cartesian diagram of rigid spaces
We put
From (7.2.1) and (7.6.1), we have a surjection
which induces an isomorphism that we denote abusively also by
In other terms, we have a co-Cartesian diagram of homomorphisms of R r K -algebras
where φ(T ) = (T ) and τ K (T ) = 0. Hence, taking the union of the K-affinoid varieties associated to each of the K-affinoid algebras in (7.6.4) for r ∈ Q >0 , we have a Cartesian diagram
where i L , f and i K are the morphisms induced by τ L , φ and τ K .
7.7. In the following, for any 0 i p n − 1, we denote by α i the element a i − a i ⊗ 1 ∈ I K (7.1). When the conductor c > 2, for each 1 i p n − 1, v(a i ) 2 (5.6). Let a
When c = 2, we have p = 2, ♯G = 2, ρ(c) = 1 and a
We have
In the rest of this section, we fix an embedding L → K.
geometric connected components. Let σ 1 , ..., σ p n−s be liftings of all the elements of G/G c in G. We have
and each disc of the disjoint union contains exact one geometric connected component of X c L . Proof. By the Cartesian diagrams (7.6.2) and (7.6.5), we have
Taking in account the isomorphisms (7.4.2) and (7.4.3), for any point
.., t m , t)) < c which means f (t 0 , .., t m , t) = (t 1 , ..., t m , (t 0 , ..., t m , t)) ∈ i K (X c K ). Thus (7.8.1) holds. By the proof of ([AS2] 2.15), X c L has exactly p n−s geometric connected components. Moreover, for any 1
In the following, we denote by
Proposition 7.9. There exists a canonical Cartesian diagram
where f c is defined in (5.4.1), such that if ξ is the canonical coordinate of A 1 F , we have
Moreover, for any σ ∈ G c , the following diagram
By the isomorphism (7.6.3), (7.9.3) is isomorphic to
which, after eliminating T by the relation π ρ(c) T
In both cases, by 5.4 and 7.7, we have
Then the image of R c K,OL T ′ by the canonical surjection
Extending the scalars from O L to F , we obtain the following F -algebra:
(ii) if c = 2,
. From isomorphisms (7.4.4), (7.4.6) and the canonical exact sequence (4.10.2), we know that when c > 2 (resp. c = 2), α 0 /π c (resp. (α 0 + a ′′ 1 hβ)/π 2 ) is a non-zero linear term in F ⊗ OL R c K,OL . Hence (7.9.6) and (7.9.7) are all reduced. Then, by ([AS1] 4.1),
is the normalized integral model of
is defined by the F -algebra (7.9.6) (resp. (7.9.7)) when c > 2 (resp. c = 2). We put
It follows form the isomorphism X
(7.4) that (7.9.1) is Cartesian.
, where r p n − 1, such that
. Hence the action of σ on (7.9.4) is given by
and the induced action on (7.9.5) is given by the same formula. Since
and c > ρ(c), the reduction of (π ρ(c) ⊗ 1 − π ρ(c) )/π ρ(c) to the geometric special fiber is 0. For any
Hence, diagram (8.13.2) is commutative.
Isogenies associated to extensions of type (II): the unequal characteristic case
8.1. In this section, we assume that K has characteristic 0 and that the residue field F of O K is of finite type over a perfect field F 0 . Let K 0 be the fraction field of the ring of Witt vectors W (F 0 ) = O K0 considered as a subfield of K. We denote by m the dimension of the F -vector space Ω 1 F , which is finite. Let L 1 , L 2 be two objects of FÉ /K and (A L1 , j 1 :
Let L be an object of FÉ
is commutative. We say that (g, ) is finite and flat if is finite and flat and if the diagram (8.2.1) is co-Cartesian. 
We will always consider
(in the following, we always abbreviate 1 ⊗ u by u) and we will consider it as an A L -algebra by
induced by the surjections (8.4.1). We denote by I L its kernel. 
, we may assume L and L ′ are fields. We denote by e the ramification index of the extension L ′ /L. For any integer r 1, we have the following canonical commutative diagram
Since A L is a Noetherian local ring, by 8.3(iii) and Nakayama's lemma, A L ′ is a finite free A L -module. Then, we have
After taking projective limit on both sides, we obtain
By the proof of ([AS2] 2.7.3), we obtain that m
Hence, for any integer r 1, we have two surjections
Combining (8.5.2) and (8.5.3), we get (ii).
8.6. Let L be an object of FÉ /K , and
We will introduce objects analogue of those defined in §7, and denote them by the same notation. For any rational number r > 0 and integer numbers s, t > 0 such that r = t/s, we denote by
which is smooth over K ([AS2] 1.7). By 6.3, there exists a finite separable extension
8.7. In the following of this section, we assume that p is not a uniformizer of K. By ([AS2] 1.14.3), there is an isomorphism of O K -algebras
such that the composition of it and (8.
If r is an integer 1, we have an isomorphism of K-affinoid algebras
In general, for any rational number r > 0, the
and the rigid space
such that for any x ∈ O K and x a lifting in A K , the image of (1 ⊗ x − x ⊗ 1) ⊗ 1 is dx ⊗ 1. From ([AS2] 1.14.3, 2.11.2), for any rational number r > 0, the inverse of (8.7.4) gives an isomorphism
. When r is an integer, the construction of the isomorphism is similar to the equal characteristic case (7.4).
Remark 8.8. From (8.7.4), we notice that for any element
. Let L be a finite Galois extension of K of group G and conductor c > 1. Let (g, ) be a finite and flat morphism from (A K , j K :
induces a finite flat morphism ⊗ id : 
8.10. In the following of this section, we assume the finite Galois extension L/K of type (II) and we take again the notation and assumptions of 5.1 and 5.2. Let (g, ) be a finite and flat morphism as in 8.9. Let h be a lifting of h ∈ O L in A L . Since A K is a Noetherian local ring, by 8.3 (iii) and Nakayama's lemma, we have that A L is a finite free A K -module of rank ♯G and that
such that h is a zero. We have an isomorphism (8.10.1)
By (8.5.1) and the proof of ([AS2] 1.6), we have an isomorphism
From (8.5.1) and (8.10.2), we have a surjection
where φ(T ) = (T ) and τ K (T ) = 0. Hence, taking the union of the K-affinoid varieties associated to each of the K-affinoid algebras in (8.10.5) for r ∈ Q 0 , we obtain a Cartesian diagram
8.11. In the following, for any 0 i p n − 1, we denote by α i the element a i − a i ⊗ 1 ∈ I K and fix π ∈ A K a lifting of π ∈ O K . When the conductor c > 2, for each 1 i p n − 1, v(a i ) 2 (5.6). Let a 
In the following, we fix an embedding L → K. 
Proof. The proof is the same as in the equal characteristic case (7.8).
Proposition 8.13. There exists a canonical Cartesian diagram
where f c is defined in (5.4.1) and if ξ is the canonical coordinate of A 1 F , we have
By the isomorphism (8.10.4), (8.13.3) is isomorphic to
In both cases, by 5.4 and 8.11, we have
Then the image of R c K,OL T ′ in (8.13.4) through the canonical surjective map
Extending scalars from O L to F , we obtain the following F -algebra:
(ii) if c = 2, 
is defined by the F -algebra (8.13.6) (resp. (8.13.7)) when c > 2 (resp. c = 2). We put
It follows form the isomorphism
and by Ý(x) the polynomial
Let σ : A L → A L be a homomorphism as in (8.9.1). We denote by g σ the induced morphism of σ on (8.13.5). By (8.10.1), we have
, where ε is a polynomial with coefficients in ker(A K → O K ). Then, we have
where
and ε is a polynomials with coefficients in
and c > ρ(c), it is easy to see that the reduction of ∆(T ′ ) to X 9. The refined Swan conductor of an extension of type (II) 9.1. In this section, we assume either that K has characteristic p or that it has characteristic 0 and that p is not a uniformizer of K. Let L be a finitely generated extension of K of type (II) and we take again the notation and assumptions of 5.1, 5.2, 7.9 and 8.13. 
is connected. 
The surjection γ 1 factors through π alg 1 (Θ (c) F ,log ) (4.11). By 7.9 and 8.13, γ 2 also factors through
). Combining (9.3.1) and the following canonical commutative diagram
we obtain that 
, which conclude 5.7.
9.4. Proof of 5.9. Since the surjection π σ ∈ G c (7.9.2), (8.13.2). With notation in 5.8, we denote byf c,χ (ξ) the polynomial
Observe thatf c,χ (f c,χ (ξ)) = f c (ξ), hence the isogeny f c is the composition of two isogenies
− → F p corresponds to the pull-back off c,χ by µ ′ and the F p -action on this torsor is given by 1 * : ξ → ξ −f c,χ (u τ ). We have the following Cartesian diagram (9.4.1)
where L denotes the Lang's isogeny defined by L * (ξ) = ξ p − ξ. The morphisms λ 1 , λ 2 and φ are given as follows
The sign is chosen in order that, for any σ ∈ G c , the translation by . Then, we have
It is a Hasse-Arf type result for Abbes-Saito characteristic cycle. We should mention that T. Saito ([Sa4] 3.10) and L. Xiao [Xiao] proved independently analogue results for smooth varieties of any dimension over perfect fields.
Corollary 10.6. Assume that p is not a uniformizer of K. Let H be a sub-group of G, and N a finite dimensional C-linear representation of H. We denote by r the dimension of N and by r Indeed, (10.6.1) follows from the induction formula for Kato's swan conductor with differential values (3.15.2) and 10.4.
Remark 10.7. Assume that p is not a uniformizer of K. Let L ′ be a finite Galois extension of K of group G ′ which contains a sub-extension K ′ of K such that K ′ /K is unramified and L ′ /K ′ is of type (II). We denote by P ′ the Galois group of the extension L ′ /K ′ and by F ′ the residue field of O K ′ . Let Λ be a finite field of characteristic ℓ = p which contains a primitive (♯P ′ )-th root of unity and let N be a Λ-vector space of finite dimension with a linear-G ′ action. We fix a non-trivial character ψ : F p → Λ × . By 3.18 and 3.19, we can still define KCC ψ(1) (N ) ∈ (Ω 1 F ) ⊗r , where r = dim Λ N/N (0) . On the other hand, the wild inertia subgroup P of G K acts on N through P ′ , we can define CC ψ (N ) (4.12). 11. Nearby cycles of ℓ-sheaves on relative curves 11.1. In this section, we denote by S = Spec(R) an excellent strictly henselian trait. Assume that the residue field of R has characteristic p and that p is not a uniformizer of R. We denote by s (resp. η, resp.η) the closed point (resp. generic point, a geometric generic point) of S. A finite covering of (S, η, s) stands for a trait (S ′ , η ′ , s ′ ) equipped with a finite morphism S ′ → S. Let Λ be a finite field of characteristic ℓ = p and fix a non-trivial character ψ 0 : F p → Λ × .
11.2. We define a category C S as follows. An object of C S is a normal affine S-scheme H for which there exist an S-scheme of finite type and a closed point x of X s , such that X − {x} is smooth over S and H is S-isomorphic to the henselization of X at x. A morphism between two objects of C S is a generically étale finite morphism of S-schemes. Let (S ′ , η ′ , s ′ ) be a finite covering of (S, η, s). Then for any object H of C S , H × S S ′ is an object of C S ′ ([Kato1] 5.4). 11.3. Let H be an object of C S . We denote by P (H) the set of height 1 points of H, by P s (H) = P (H) ∩ H s , P η (H) = P (H) ∩ H η .
We have ([Kato1] 5.2, [AS4] A.6): (i) H η is geometrically regular over η and for any p ∈ P η (H), the residue field κ(p) of H at p is a finite extension of the fraction field K(S) of S. (ii) H s is a reduced henselian noetherian local scheme over s of dimension 1, hence P s (H) is a finite set. We denote by H s the normalization of H s , which is a finite union of strictly henselian traits. We put δ(H) = dim k (O Hs /O Hs ).
Lemma 11.7 ([Kato1] 6.5). Let (H, U, F ) be a stable triple (11.4), (S ′ , η ′ , s ′ ) a finite covering of (S, η, s). We put (H ′ , U ′ , F ′ ) = (H, U, F ) S ′ . (i) For any p ∈ P s (H) and for the unique p ′ ∈ P s (H) above p, we have
(ii) For any p ∈ H η − U , we have
where p ′ runs over the points above p.
11.8. Let (H, U, F ) be a triple (11.4). By 11.5, there exists a finite covering (S ′ , η ′ , s ′ ) of (S, η, s) such that (H, U, F ) S ′ is stable. We put ϕ η (H, U, F ) = ϕ η ′ ((H, U, F ) S ′ ), ϕ s (H, U, F ) = ϕ s ′ ((H, U, F ) S ′ ).
By 11.7, they don't depend on the choice of the covering (S ′ , η ′ , s ′ ). Here, using Abbes and Saito's ramification theory, we give the definition of ϕ s (H, U, F ) for any rank sheaf F which is equal to Kato's latter formula (10.4).
